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Kubo type time correlation formulae for turbulent transport coefficients in incompressible but
heat conducting fluids are derived, especially for eddy viscosity, eddy heat conductivity, and pres-
sure. The connection to the cascade method as well as its equivalence to the methods of closure of
hierarchy are established. Lagrangean time integration is used. If the retarded Green’s function
has exponential time behaviour the damping constant I’y can be calculated explicitely. In this
approximation in the inertial range one finds the Kolmogoroff £—%/s spectrum including its numeri-
cal factor (C=1.53). This induces a frequency spectrum ~ w—2,

1. Introduction

There are two main problems in turbulent flow
of fluids. One wants to describe the fluctuations,
i. e. the irregular eddies, around a certain mean
flow pattern and one is interested in the time de-
velopment of a non-equilibrium fluid. Both aspects
are closely connected. Nevertheless one is tempted
to separate them as much as possible in order to sim-
plify the theory. Transport in turbulence has there-
fore been treated by simple models connected with
the concepts “mixing length”, “eddy viscosity”,
“cascade” (for a review see e.g.!). At the other
hand, homogeneous and isotropic stationary tur-
bulence has been treated by some closure of the
hydrodynamic hierarchy, e. g. by KRAICHNAN? in
a series of papers (for a review see %), WyLD 4,
OrszAG (for a review of these “analytical’” methods
see the excellent paper by ORszaG®), HERRING ,
BaLEscu and SENATORSKI?, and others. As a con-
nection between these treatments one should men-
tion e. g. HEISENBERG’s theory® and similar ones.
All theories are more or less based on the fundamen-
tal picture of turbulent motion derived by KoLmo-
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GOROFF 9, which is excellently described by Lan-
DAU and LiFscHITZ 1°.

Recently, the cascade technique has been con-
siderably improved by using Lagrangean time in-
tegration for the fluctuations by TcHEN!!. Now,
this method seems to be very useful for spectral
problems as well as for applications to non-equi-
librium problems: Electrostatic fluctuations in tur-
bulent plasmas !2, turbulence with magnetic field 13;
ionospheric two component plasmas coupled to the
neutral back ground !4, influence of turbulence on
chemical reactions 1%, Turbulence effects change the
macroscopic transport equations. The additional
terms are characterized by eddy coefficients, repre-
sented by some kind of time integral formula.

The aim of this paper is to extend the cascade
technique, to derive Kubo transport formulae for
the eddy coefficients, to calculate the turbulent spec-
trum, and to show the connection to hierarchy clo-
sure. The cascade method used by Tchen divides the
eddies into two groups, interacting with each other.
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EQUATIONS FOR EDDY TRANSPORT COEFFICIENTS

u'(x,t|k) =kf°d3p exp{ip-x}u(p,t). (1b)

Instead, in the following all modes shall be treated
individually. The smoothing procedure of different
scales in space according to Eqs. (1) is replaced by
an average, defined by a non-equilibrium initial
ensemble.

The macroscopic flow will be governed by the
net effect of the small scale fluctuations in form
of an (nearly) equilibrium average of correlations
at different times. Eddy viscosity or eddy thermal
conductivity are given as k, @ — 0 limits of cor-
relation functions. This general picture is very
familiar in transport theory now (see e. g. 1516 for
reviews), and denoted as Kubo formulae. The time
development used here is of Lagrangean type.

In lowest approximation the cascade results are
recovered. More general treatment describes tur-
bulent flow as a non Newtonian fluid with higher
order transport effects. Especially second order
transport effects can be related to moments of the
time correlation function, which characterizes the
eddy viscosity. In general the fluid has a memory
of the order of the decay time of the fluctuations.

If the relaxation time approximation is applied
to the general formula, the Kolmogoroff-Obukhoff-
law F(k) =C eql2k™"" is obtained for the inertial
subrange; C=1.53. The approach to the viscous
range obeys a k™ 7-law; the coefficient is 3 times
larger than in Heisenberg’s theory. The half width
of the turbulent frequency spectrum, Iz, is also
given. It is ~k” in the inertial subrange and ap-
proaches k*v as ~k~6 for large wave numbers,
see Eq. (37). By scaling one finds the time cor-
relation spectrum @y, (w) ~®~2 in the inertial and
~ w™* in the viscous range.

At the other hand, if one avoids the eddy-visco-
sity approximation, the method presented here can
also be applied to isotropic, homogeneous and sta-
tionary turbulence. Then one easily derives the
equations of Kraichnan’s direct interaction approxi-
mation but including the Lagrangean time develop-
ment in the Green’s function. Thus the connection
between cascade methods and hierarchy closure is
established as well as the extension to non-equi-
librium situations.

15 R.ZwANzIG, Ann. Rev. Phys. Chem. 16, 67 [1965].
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In order to show applications beyond the velo-
city turbulence we treat an incompressible fluid
coupled to a variable temperature field T'(x, ). The
eddy thermal conductivity is essentially given by
the eddy viscosity, if the molecular friction and
heat conduction are small, i.e. especially in the
inertial range. In the latter both the velocity spec-
trum and the temperature spectrum are ~ k™.
This has also been found by TcHEN 11:12,

2. Equations of Non-Equilibrium Motion

The general equations of motion of an incom-
pressible, heat conducting fluid are 1°:

divu=0, (2a)
B:+u-V)u=-VP+»V2u, (2b)
(Qe+u-V)T=yV3T. (2¢)

These 5 equations for the fields ¥ = (u,, u,, u3)
=(u;), T, and P (the pressure, divided by the con-
stant density) determine the mean motion as we'
as the fluctuations.

The fluctuations are governed by the turbulem
initial conditions, more specifically by the phases
of the turbulent modes, which give rise to the sta-
tistical degrees of freedom (see 1°). In fully de-
veloped turbulence these phases can be treated as
statistically distributed. Therefore the fields u, T, P
are random variables in so far, as they are influenc-
ed by the turbulent phases. At the same time they
are of none random nature, in as much as macro-
scopic initial conditions and boundary values are
concerned.

To express this quantitatively, we use wave vec-
tor representation. Each field is transformed as
usual by

ui(x,t) = % exp{ik-x} u;(k, 1), u;* (k) = u;(— k),

d3z .
u;(k,t) = 7 exp{ —ik-x} u;(x,1),
V=1L3, k=2Tﬂfn,n={ni}, n=0,%t1,...

The equations of motion then read
k,-uj(k, t) =0, (3a)

16 S, GROSSMANN, Wirme und Stoffiibertragung 3, 19 [1970].
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a, ui(k, l) +lka uj(k—q, t) u,-(q, t)
q

= —ik;P(k,t) —vEKuk,t), (3b)
S,T(k, t) +lka u,-(k——q,l) T(q’t)
q
= —yk2T(k,1). (3¢)

The continuity Eq. (3 a), here especially the in-
compressibility conditon means that the velocity
vector U (k) has no longitudinal component. There-
fore the projector on the transversal part is in-
troduced, P;(k°) =0d;—k°k®. The information
PO (k%) u;(k) =u;(k) exhausts (3a).

The velocity field is determined by the transver-
sal part of Eq. (3 D).

Bewlle,t) + 5 Pis(k) 3 wj(k—q,1) ui(q, )
= —vEku(k,t). (4)
It is
Pyij(k) = Pyji(K) : = Py(K°) kj+ P (K°) k;.

Once u; is known, the longitudinal part of Eq. (3b)
determines the pressure,

P(k’ rt) — _kio kjoz u]'(k_q’ t) ui’(q’ t): (5)
q

and the temperature is the solution of the linear
Eq. (3¢).

A typical picture of the velocity field is shown in
Fig. 1. For small %k the amplitudes of the modes are
determined by the macroscopic conditions. They do

Ui (k)

LT

ko VVV W=

Fig.1. ui(k,t) at some time ¢t vs. wave number k. The ap-
proximate boundary of macroscopically determined modes is
indicated by kp .

not depend too much on the statistics of the turbu-
lence. The larger k is, the less u;(k) is determined
macroscopically but the more random it is. A sta-
tistical ensemble is supposed, which is prepared at
some time by realizing all elements of it macrosco-
pically equal but at random with respect to the tur-
bulent degrees of freedom1’. Ensemble averages
(u;) = u; then describe the macroscopic (in general
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non-equilibrium) behaviour, see Figure 2. The fluc-
tuations u; =u; —u; are the difference between the
actual value and the mean value. They represent
the random element in the fields, see Figure 3.

{urk))

~ |

Ks

Fig. 2. The ensemble average {u;(k, t) ) vs. wave number k.
u; (k)

Fig. 3. The fluctuation u—{u)=u’ vs. wave number k.

The mean quantities depend on the time as ex-
pectation values in the Heisenberg picture. I. e. the
ensemble is time independent, and the observables
u, P, T vary in time via equations of motion (3).

If after some initial time %; is independent of ¢
(e. g. especially zero), we have the special case of
stationary turbulence. The more non-equilibrium
features the ensemble has, the more k-values are
expected to be involved in #;(k,t) and the longer
the decay to final equilibrium lasts.

Remark: The cascade technique idealizes # and thus
u’ of Figs. 2, 3 by step functions. The boundary, k=ky,
is treated as the cascade separating variable, i. e. & is
defined by suming in Eq. (1) up to ky .

The macroscopic equations of motion are derived
by averaging Eq.’s (3).
As (...) and O, ;... commute, we find

a—k %.Pijk _jk_ _i
tug (k) + 31 Py; ( )gu( q) u;(q) (6a)

=5 Pue) S (u/ (k- q) u/ (@) — R wlh).
3, T (k) +ik; 2 2;(k—q) T(q) (6b)
=iy % (u (k—q) T'(q)) — 2 K T(K),
P(k) = —k'k 2 u;(k—q) @:(q)
q
— k2 kP 2 (ui (K—q) u/(q)). (6¢)
q



EQUATIONS FOR EDDY TRANSPORT COEFFICIENTS

These are the non-equilibrium equations of mean
motion, if the fluctuating forces can be expressed
by mean values via closure. This type of equations
is known since Reynolds; a closure will be discussed
in Section 3.

We need (...) for small £, in the macroscopic
wave vector regime. Here generally no wave num-
ber conservation holds and no isotropy argument is
valid for (...), as we have a non-equilibrium en-
semble.

3. Equations of Motion for the Fluctuations

These are found by subtracting the mean Eq.’s
(6) from the microscopic equations. At first we
deal with the velocity fluctuations as the origin of
all turbulent features.

Boul () + - Puy() 3 {uf (e —q) 7(q)

+u;(k—q) u/(q) +ui (k-q) u/(q)
== (u,-'(k—q) u,-'(q) )} = —V’C2ul,(k).

We now introduce an important assumption. The
equation for the fluctuating velocity u;” contains a
mean value term. As u; is expected to vary quickly
with %, ¢, and as only this quickly varying part is
needed to calculate the turbulent shear, we neglect
the average term, being nearly a constant. Then

Boul () + 5 Pu(k) Suk-q) @

SR () = = Pu) S(q) u (k-q).

The Lh.s. contains the fully nonlinear operator,
acting on the fluctuation u;" only instead of u; itself.
On the r.h.s. there is a driving force ~k;u;, which
in position space is ~ Qu;/Jz;. This is the origin
for an eddy shear stress in the macroscopic equa-
tions (6).

The idea now is (TcHEN1!): (7) can formally
be integrated. The differential equation then be-
comes an integral equation. This integral represen-
tation is used to calculate the turbulent shear forces

in Eq. (6).

The formal solution of Eq.(7) evidently contains
the Lagrangean varying mode [d¢...u;(t |k — q,t)
on its r.h.s. To make things clear, we introduce ma-
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trix notation

>

g
uf (@,0) = = 5 Punn () 3 (K =P, ) ' (P,1)-
The matrix

Git (kt,qt) =d(t,1)

: [511' o(k,q) (Qr +v k) + ;— Py (k) uj(k—q, t')]

S0, @) (347 ) + 5 Pug(h) wy(k—g,0) |

describes the Lagrangean motion, molecular damp-
ing included. It is not exactly the inverse nonlinear
Green’s function for the velocity field, but similar.
The inverse matrix G is an integral operator, which
depends on u. The formal solution reads

ui (q,t) = _Tigdt’ ; % Gu(q,t|q't) Py (q)
‘U (P, t) u (@ —p, 7). (8)

From physical reasons we need the causal nonlinear
Green’s function. Therefore ¢ < ¢ limits the upper
integration.

In order to see the physical meaning of G;;(qt| ¢’ t),
we compare it with the exact, nonlinear Green’s
function du;(qt|f)/8fr(g’,¢’). This can be found
from the equation of motion of the velocity field
under external forces f.

Functional derivative with respect to fy(k’,¢’)
and then f— 0 gives the response equation.

%{(at'l‘y’ﬁ) 6("7: q) 6ln+iplmn(k) um(k_qs t)}

. Oun(q,0)
6]ll' (k’9 t’)

=0y 0(k,K) (2, 1).

Because of the nonlinearity, instead of % Pj,, as in
(7) we find twice this. Therefore G differs from the
response function but has a similar interpretation
as “response’” at time ¢, mode ¢, component I, due
to a disturbance at time ¢ in mode ¢’ with com-
ponent I'. G will decay for large t—¢" and q—¢q’.

The formal solution (8) now can be used to cal-
culate the turbulent shear in the equation of mean
motion.

% (ui' (k—q,2) ui (q))

i

2

S ¢ qZ Prn(q) Gm(p,t)  (9)
q

Y4
“(uf (k-q,1) G, (qt]|q {)u, (@ —p,7)).
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4. The Transport Coefficient Approximation

Let us discuss first the physical contents of the
turbulent shear effects by deriving the transport
equation and the time correlation function represen-
tation for the relevant transport coefficient. (i) The
macroscopic driving term, @, (P, t), will only slow-
ly vary with respect to ', compared to the turbulent
time scale, which G;,(gt|q’t) governs. This allows
{—t in @, as lowest order approximation. (ii) The
most important contribution to the ¢ integral is
for small t—¢. Then ga~¢" in G. (iii) As the tur-
bulent wave vector region is locally homogeneous
in the time average, we have momentum conserva-
tion in the expectation value:

k-q=—-(q-p)=~—-(q-p), ie

Therefore in the mean velocity @, , P can be ap-
proximated by K. Using these approximations the
turbulent shear effect turns out to be ~i k, u,, (K, ),
which in position space just is the macroscopic
shear rate Qi,/dz,. The factor left can be inter-
preted as eddy viscosity.

The final result, to be used in (6 a) is:

i

- Py;i (k) ; (uf (k—q) ui(q))

= —Evin(k,t) un(k, 1) (10)
with the turbulent viscosity matrix
1 -
Vlm(ka t) = ZI?" q,%pplii(k) Prmn(q )Of de (11)

(u (k—q,1) G (qt|q't) u)/(q' —p,1)).
Discussion of this Result

a) We have only used two approximations: ne-
glect of the macroscopic term in the equation of
motion (7) and slow K, t-dependence of u,,.

b) The latter assumption can be improved syste-
matically. The next higher order contributions are
found by expanding &,,(P,t) around ¢ or k.

The following additional terms in the transport
equation arise:

a) O, (k,t), with a transport coefficient like
(11), but an additional factor ¢ under the integral.
It measures the turbulent time scale 7., of G (¢]?").

17 C. TruespeLL and W. Noirr, Nonlinear Field Theories of
Mechanics, Handbuch d. Phys. III/3, Springer-Verlag, Ber-
lin 1965.
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This correction therefore arises, if 7 9/3t~1,
i. e. if the macroscopic time development is com-
parable to the turbulent time scale. O, i, gives rise
to nonlinear, higher order transport equations by
using (6 a) again.

B) Ok i, (K, 1), with a transport coefficient, which
measures P —K~q —q’, i.e. the wave number
scale 271 of the turbulent motion, G(q|q’). In po-
sition space this term is non local. It is important,
if the macroscopic scale becomes comparable with
the turbulent scale.

c) The most general form of the transport con-
tribution from turbulence leads to a fluid with me-
mory in time and nonlocality in space. @, (p,?)
then remains under the integral.

This shows that a simple incompressible fluid
behaves like a non Newtonian, highly viscous fluid
(see e.g. 17 18)  if the equilibrium is largely dis-
turbed. We have also derived time correlation func-
tions for the relevant transport coefficients. They
are very similar to the corresponding ones for
molecular transport coefficients in non Newtonian
fluids 1°.

d) Let us simplify the transport coefficient (11)
and reduce it to its essential features. The Green’s
function G is needed for the fluctuations in Eq. (11).
These small eddies can be imagined as homogeneous
and isotropic.

Cr(qt|q’ 1) ~0(q.q") 6: G(g;1.1).
The same argument gives momentum conservation in

the time integrated expectation value, ( ) ~d(k,p).
Finally the transversal nature of ®’ tells us

Jdd (ui (k—-q,t) Gu,’ (q—k,t))
= [df Pii(q—Kk):(u/ (k—q,t)G,u/ (q—k,1)).

This gives a simple form for the eddy viscosity

1
g”k{ Z Plji(k) Pinm(q) Piﬂ(k—q)
q

(12)

Yim (ks t) =

t
Jd (uf (k—q,0)G(q;1,1) u/ (q -k, 1) ).
As kl ”lm(k) =0 and Pll(k) Vlm(k) = vl'm(k) we

write

Vin (k) = Py (K) veury (K). (13)

18 B.D. CoLEMAN, H. MarkovITZ, and W.NoLL, Viscometric
Flows of Non-Newtonian Fluids (Springer Tracts in Nat.
Philos., Vol. 5) 1966.

19 S, GROSSMANN, Z. Phys. 233, 74 [1970].



EQUATIONS FOR EDDY TRANSPORT COEFFICIENTS

With the abbreviation
us’(q_ k91; q; t) = G(q; t: t,) us’(q = k: t’),

T =t~

the turbulent viscosity appears in the very simple
form (k—q¢=Zgq):

Yturb (k, t)

- Zq a(k,q)jdz(% u’ (q,t) u/ (q,7;k—q;1)).
(14)

a(k, q) is a dimensionless number of order unity,

a(k Q) o Pl]z(k) Pm(Q) Pml(k Q)

—a(~k, —q). (15)

u/(q,7;k—q;t) is the velocity component
which is determined by Lagrangean time develop-
ment from time ¢ to time ¢—7, starting with wave
number g. The £, ¢ dependence of (...) is expected
to be small, if the macroscopic ensemble is not too
far from equilibrium.

In general, the eddy transport coefficient v, (k)
depends on k. This gives a nonlocal position space
mean velocity equation. Scattering experiments
would measure this k-dependent quantity in the
same way as a k-dependent dielectricity ¢(k) etc.
If the macroscopic length scale is larger than the
typical eddy scale, the k— 0 limit is allowed to be
used in Eq. (14). This is the region where turbulence
only renormalizes the molecular transport coeffi-
cients.

3

5. The Equation for the Velocity Spectral
Function

We now consider the velocity spectral function

2m)3

vV 2a k2F(k L (16)

(w(le,t) w(—k,1)) =u,(k,t) u(—k,t)
+ (u/ (k) u/ (- k) ).

We are interested in its time development in the
case of homogeneous, isotropic and stationary tur-
bulence. Nevertheless, as we must induce turbulent
motion, the small & region depends on ¢, while
the turbulent, random region is nearly stationary.
Therefore the time dependent part and the statio-
nary part have been separated. The time depen-
dence is governed by Eq. (6 a), in which we neglect

Uk, t)=
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the macroscopic nonlinear term ~ & &.

at U(k, t) =‘at ﬁ'l(k9 t) ﬁl( = k, t)
=-2vE U(ka t) - %Z {Plii(k) Prmn(q')
77'p
S by (p, ¢) w(— K, 1) (u(kK—q,1)
Cir(qt|q'Y) u/ (@ —p,t)) + (kKZE —K)}.
We use some approximations established in Sec-
tion 4 to simplify the expectation value, namely
Eq. (12) together with p~k. Moreover, introduce
the two-time correlation function % 3
U(k;t,t)
= bl (=K, 6} A Byl d) Bl T r).
v SIa.

The last equality holds for small %, as then the fluc-
tuations are small, see Figure 3. This gives

(P, ) Gy (—K,0) =3 Pu(k) U(k; £,2).  (17)

The tensor properties of the expectation value con-
tribute an additional factor % Pj,(k—q). With
P (k) Py;(k) =P,,;;(k) and k—q=<Z q we find
(3¢ +2vk2) U(k,1)
=—3k2Ja(k,q) [dL U(k;t't)
q

{<ui’(q’t) G(k—‘”t,t') ui/(q’t,)> + (qz —Q)} .

The nonlinear Green’s function G depends on u.
Therefore we can introduce some average, G. If we
take G out of (...) this latter is U(gq;¢,¢).

The remaining term (u’ G'u’) is of higher order
and may therefore be neglected. Then we have
derived one of Kraichnan’s DIA equations:

U(k,t) +2vE*U(k, t)

=—1k2$a(kq)fdz
{U(klu)c(k qlt,?) Ug|t,) (19)
+(Q@Z-q)}.

G(g;t,1') is the average Lagrangean type
Green’s function.

(18)

The same method evidently can be used to derive
the equation for the two time correlation function
3t U(k;t,t'). An equation for the Green’s function
G(q|t, ¢) may be derived within this frame too. We
only need the idea, as the result again is one of Kraich-
nan’s equations.

It is 3:G=—G(3:G™1) G. The only explicit ¢-de-
pendence in the matrix G~! is via uj. For S;u one has
to use the equation of motion (3 b). Finally the mean
value is taken. The term ~ vz = 0 in stationary tur-
bulence, the quadratic term is ~ U. Higher order cor-
relations have to be neglected, which is usual in deriv-
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ing Kraichnan type equations, see also PA0 20. We are
left with the equation 3;G=—3 [dt G U G.
q

We summarize: The method of separating the
macroscopic equation of motion from the equation
for the fluctuations, and the formal integration of
the later one, Eq. (8), not only gives the transport
equation with time correlation function representa-
tion of the turbulent coefficients, it also reduces to
Kraichnan type equations, if the same assumptions
are used (which, by the way, are also made by
Kraichnan). This establishes the connection be-
tween both types of turbulent theories.

As the transport form of turbulence motion is
very useful in applications we consider now the
relaxation approximation of the transport coeffi-
cients and finally study the temperature field, cou-
pled to the velocity.

6. Relaxation Approximation for the
Eddy Viscosity

As a simple approximation we assume an expo-
nential decay of the correlation G(g;t,¢) with de-
cay constant y. Then the expression (14) can be
simplified.

alk,q) 7 7
Yturb = %}’(k—q) <2 u; (Q) u; ('_q)>
_ (49, alk,q)
[ fag S P 0

F’(q) is the spectral function for the turbulent re-
gion. At small g it vanishes, as there are only a few
fluctuations. The integral therefore starts at ky, the
boundary of the fluctuations.

Equation (20) expresses the turbulent viscosity
coefficient by the eddy probability ~F'(q) and its
decay constant y(q). I'll give information about it
first by simple dimensional arguments, then by
more rigorous calculation of the Green’s function.

a) Eddy Decay Constant from Dimensional Analysis

For very short wave length, i. e. very large ¢, the
decay constant y(g) will be determined by molecu-
lar viscosity, i. e. 7(g) =» ¢2. In the inertial region
we write ¥(q) = qu(q). The quantity u(g) is a
typical velocity change in the Lagrangean moved

20 Yiu-Ho Pao, Boeing Scientific Res. Lab. No. D 1-82-0836,
1969.
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fluid element. From dimensional arguments (LAN-
DAU-LIFscHITZ %) in the time 7, this must be
u(q) ~ [eais7q]"” (eqis is the rate of energy dissipa-
tion). Thus

7(q) ~q [eais 7(q) 71",

7(q) ~ei2 ¢, or

giving
1/3

u(q) ~edis g (21)

Remark: A simple guess might be u(g) = const,
thus y (¢) ~ g. Making the same analysis as with (21),
one would get F (k) ~ k=" instead of the Kolmogoroff
law.

The ansatz (21) closes the hierarchy, because
Now %, is uniquely determined by the spectrum
F(q). Combining the constant of proportionality
with the angular average of a(k, q) to c,, we have

oo

vturb(k; kb) =Cp 8(11/128 dq ]

b

F(q)
k—q|

¢, » inertial range.

(22)

This formula has a similar interpretation as e. g.
HEISENBERG’s 8, but it is different in its analytic
form.

b) Decay Constant and Eddy Viscosity
from Perturbation Theory

Perturbation theory in turbulence has been intro-
duced first by Wyrp*. Recently his method has
been applied to dynamical phenomena near critical
points (for a survey see 2!). Instead of earlier theo-
ries the causal Green’s function is used, defined for
isotropic, homogeneous turbulence by

(ui(k,t) uj(—K)) =Gr(t) (ui(K) u;(—k))
= 3 Up Gr(t) Pij(k), t=0.  (23)
Using the same technique as Wyld, Kawasaki and

others one gets the following nonlinear equation for
the Fourier transform of G, (¢) :

Gil (w)=—iw+Bv+i2>

q
chm' 7 ,
ca(k, q) U,JS*{ G g (@) Gy — ). (24)

The only question is the value of the effective inter-
action a(k,q). It can be shown to be the same,
which we found in Eq. (14). Of course, there
are assumptions involved to derive Eq. (24):

2t K. Kawasaki, Ann. Phys. (New York) 61, 1 [1970].
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sotodlastic forces, which make the Green’s function
Gi'(w) = —i  + K2 v stationary in time; Gaussian
distribution of the u;(k) at initial time, which al-
lows to factorize higher order correlations; repeated
use of isotropy and momentum conservation (homo-
geneity).

If the selfenergy (~ G?) does not depend too
much on o, the relaxation approximation holds,
Gr(2) = e Tt

a(k,q) U,
k2 Ty o+T,

This equation determines the decay constant I'; as
functional of the turbulent “interaction” matrix
element a(k, q) and the turbulent spectrum F,.
By scaling one gets [with Eq. (21)] in the inertial
region

Iy=v+2 3 (25)

Fy~ T2 ~ k", (26)

If I'y~TI';_, and the Heisenberg cascade idea
is used, that only ¢ =k are needed to find the
damping of the mode £, the solution of (25) reads

1 1/2
k

a is the average value of the turbulent interaction,
Eq. (15). As Eq. (24) shows, the selfenergy is k2
times the turbulent viscosity. Thus

Vturb(k) o= — 1/1}2 o 4a S (9)
k

(4 F@
Sc q

(28)

In the viscous range, k— oo, ¥ (k)— 0; in the
inertial subrange it differs from the simple dimen-
sional form (22) as well as from Heisenberg’s an-

oo

satz ~l! Vmﬂ -dg.

Now the turbulent spectral function can be de-
termined in relaxation approximation.

7. The Turbulent Spectrum

In order to determine F as function of k%, the
boundary between energy containing macroscopic
modes and energy transfering turbulent modes we

go back to Eq. (18) in which the r.h.s. now reads
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—2vu B2 U(E,2).

Ot F(kyt) +2(v+vum) B2F(k,t) =0. (29)
This is integrated ver the energy containing
As ath(p,t) dp= —eé3is, ome

gets the Heisenberg equatlon

range 0...k;.

ky
sdis=2(7+"'turb) Of P2F(P) dp . (30)

Its solution in the inertial subrange (v < vyyp)
with the dimensional form of the eddy viscosity,
Eq. (22),is

Pl = [ ate.

55 (31)

Using y ~ g would have given F ~ k=" in relaxa-
tion approximation, which has been found by Kraich-
nan in non-Lagrangean DIA.

If the eddy viscosity from perturbation theory
is used, Eq. (28), also the Kolmogoroff law ~ k="
is found, but in addition the absolute factor can be
calculated.

2

F(kb) = gll; kb e ? C= 3(Ej;/: *

(32)

The angular average of a(k, q) is

—_ Q,
$alhq) = | Gor b Pa(a®) ot
“[1-kPy(k—q) K°],
At & oy 1—220+42702
Fa= = - 1-22(+22 >*’ {58)
x:q/k, C:@:k,q.
Especially g~k is needed. If z=1 or 2 then 84
=2/3 or 1/2, giving C=1.53 or 1.67. The experi-
mental value is reported as 1.5 by Leith; Kraich-
nan’s LHDIA gives C=1.77.
Equation (30) together with Eq. (28) can be
solved exactly. With the abbreviation
k

2
22 (2 F ) ap = : b,
dis o

0

1, is
5B~

f monotonously increasing from 0 to 1,

it reads
kS B 2aceqs (, fg)
fol v kS 197y
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Taking the square and the k-derivative one gets
(34)

The small k region (f~k", thus F~k~") is the
inertial subrange; if £— o, i.e. in the viscous
range, f /1. The boundary between both regions
evidently is given by (k/k,)*=z*=1,

- 1
. [Feas )"
=]

The solution for small z has already been given in
Eq. (32). For large = one finds f=1—2z7% thus
F ~ k7. The factor is 3-times that of Heisenberg’s 8
result:

(35)

3*(%)*,/, Egég A
a
F(k) = 952
.Lvi,dii k=7
2 o | ([k) ™ k<E,,
— [ . 5
- 3(6)3/‘ (sdlsv ) {3(k/k,.) -7 k>k-v. (36)

Finally we can describe the frequency spectrum
of turbulent motion. G (w) is a Lorentz distribu-
tion with center @ =0 and half width I';. Using
Eq. (27) and the spectrum (36) one gets for the
decay constant relative to the molecular half width

I‘k (k/kv) —

By |1+ } (k/k,) ™8 viscous region,

inertial subrange, k<k,,
kE>k,.
(37)

It is this spectrum, which is measured in time cor-
relation experiments, as

P(0;2) = | d{uwi(, 1) wi(0, 0) ) eiot

sinkx 417
kx I24+w?’
The w behaviour of ¢ can be connected with the
k behaviour of Fj and I'j; by scaling arguments.
Introduce the “critical” indices of damping (1/a)
and spectrum (f) by

' k)=AT'(k); F(1k)=A"FF(k).
Then @p~w*=*-1 Tt is a=3/2, f=5/3 in the

inertial range and a=1/2, f=7 in the viscous sub-
range. Therefore (x~0)

=Sdka- (38)

B e
w inertial range
plw)~1" " 8% (39)

w viscous range.
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Especially the w™2 behaviour reflects the Kolmo-
goroff spectrum ~k~"* in k-space. If Fp~k™"
and I’y ~k, one has o ~ ™2,

8. Turbulent Heat Transport

The effect of turbulence on pressure and tem-
perature is described by Eq.’s (6b), (6c). The
turbulent contribution to the pressure is given by
the same time correlation function of the velocity
fluctuations, which is needed for the eddy viscosity,
namely (9). In the same approximation as in Sec-
tion 4 we get

Pturb(ka t) :ﬁm(k’ t) zq: bm(k3 Q) (.)fdt(% ui’(q, t)
cul(q. s k—q;t)) (40)

with by (k, q) = ; kO£ Py (q) Pon (K —q).
(41)

As b, ~k, this turbulent contribution is connected
with mean velocity inhomogeneities, i, ky, .

The temperature Eq. (6b) contains a new type
of correlation, (u’T"). But as the turbulent effects
originate in the nonlinearity of the velocity equa-
tion it is to be expected that this correlation can
also be reduced to the eddy viscosity. To show this
we consider the equation for the temperature fluc-
tuation, which is induced by the velocity fluctua-
tions via Equation (3 c).

/T (k) +ik;> {uj (k—q) T(q)
q

+u;(k-q) T'(q) +u/(k—q)T'(q) (42)

—(u (k—-q) T'(q))} = -7 T'(k).
Again neglecting the slowly varying correlation
(...) we get the analogon to Eq. (7).
% [(Qc+2k%) 6(k,q) +ikju;(k—q,0)] T'(q,?)

= —il 2 T(p,t) u/ (K-p,1). (43)
p

In contrast to Eq. (7) here the r.h.s. is indeed a
known inhomogeneity and the differential operator
[...] on the Lh.s. is also given, at least in principle,
as the velocity u; and its fluctuation could be cal-
culated without knowing 7.

Introducing the Green’s function G of Eq. (43),
we get the temperature fluctuation in terms of the
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velocity field.

t =
T'(Qqn=-ifd'2Clqelq'd) ¢ TP, t)
° q,p
‘ul (q —p,7).

This is used in the turbulent correlation function

of Equation (6b).
—ik; ; (uf (k—q) T'(q))

(44)

t .
=— 2 [dlkig/T(p,?)

9,0 1
(uf (k—-q.2) G(qt|q't) u/(q' —p,1)).
The factor in front of the correlation function is a
mean temperature gradient. This suggests to intro-
duce an eddy heat conductivity x5 (%), which de-

scribes the turbulent effects on heat conduction (to
lowest order).

_ikig (ui/(k_q) T’(Q)) = —K Zturb(k) T(k, 1)

(45)

(46)
with the transport coefficient
t
’ kj l]z:
xturb(k, l) = q%’ S de k2 (47)

(u (k—q,0) C(qt|q'7) u/(q —k,1)).

Use q’~q for the fluctuations, separate the trans-
versal projector, and transform k—qZgq.

xturb(k’ t]
=qz c(k.q) [ dr(3ui(q.1) G(k—q,7)

‘ul(qt-7)) (48
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with
c(k,q) =k2kP*P;(q) =1— (k°-q°2;¢=2/3.
(49)

The difference of the coefficients a(k, q) in Eg.
(18) and c(k°-q°) as well as that of G and G
may be not too important; then

(50)

Xturb == Vturb -

As the velocity eddies determine the turbulent
heat transport, also the spectral function of the tem-
perature field is to be expected as fixed by the
velocity spectrum, F (k).

The same method is used as in Sect. 6. Define the

temperature spectral function by

R(k’t) = (T(kst) T(_k9t))
=T(k,0) T(—k,0) +(T"(k) T'(-k)).

Then approximately
Ot R(k,t) = =2 (1 + 20y (K)) B R (K, 1) (51)

Integrating over the energy containing wave num-
bers in the spirit of the cascade technique, we get
instead of Eq. (30)

ky ky
= 8,0j R(p)dp=2(x+ xmrb)of p? R(p) dp = const .
(52)
This determines R as . contains F. If v~y we

get in the inertial range

R~k (53)

In this way the spectral functions of dynamical
variables, which are coupled to the turbulent velo-
city field, may be determined quite generally.



